ABSTRACT. We show that there is a connection between the number of squares in a group and the cardinality of the group. For example, if a group has countably many squares and i2 = e implies x = e, then its cardinality is bounded by 2N° and this bound can be obtained.
We use the standard set-theoretical notation. So, for example, <U¡X denotes the set of all finite sequences of elements of X. For a finite sequence ~ff', t(lf ) denotes the length of t]. 1 . Negative results. Throughout this section we assume that G is a group without elements of order 2. FACT 1.1 (A SPECIAL CASE OF THE ERDOS-RADO THEOREM, SEE [1, 3] ). Let u be an infinite cardinal. Assume that / is a binary function on (2M)+ such that for every a < ß < (2,t)+ we have f(a,ß) G p. Then there exists 6 < p and A Ç (2*4)"1", \A\ = u+, such that, for every a, ß G A, if a < ß, then f(a, ß) = 6. PROOF. By the remark in the Introdution we can assume that G2 is infinite. Let \G2\ = p. Suppose that \G\ > 2>i. Then we can find in G pairwise distinct elements {aa: a < (2^) + } such that a2 = a2, for every a < ß < (2M)+. For a < ß < (2")+ let f(a,ß) = (aaaß)2 G G2. From Fact 1.1 it follows that we can choose an infinite set A Ç (2M)+ such that for a, ß, a', ß' G A if a < ß, a' < ß' then f(a,ß) = f(a',ß').
W.l.o.g. we can assume that {a": n < w} Ç A. So we have ao -a\ -°2 = a3, (aoOi)2 = (o-20.z)2, and (a^)2 = (aia^)2. From Lemma 1.2 we conclude that ao = ai and a2 = 03, a contradiction. D DEFINITION 1.4. For a given complete theory T in a first-order language L, a formula <p(x;y) of L is stable in T if for every model M of T there are < ||M|| ip-types over M. If >p is not stable, we call it unstable.
For basic results on stability, see, for example, [2, or 3] . If G is a group, then we say that <p(x;y) is stable in G instead of "stable in T -Th(G)." THEOREM 1.5. Assume that G is an infinite group. If ¡p(x; y) = xy -yx is stable in G, then \G\ = \G2\.
PROOF. If not, let |G2| = p, and choose {aa : a < p+} Ç G such that a2 = a2ß for a < ß < p+ (p > «0 by Theorem 1.3).
By induction one can easily construct three sequences {6"}"<w, {c"}n<UJ Ç G
and {Bn}n<U], Bn Ç G for every n, such that (1) 60 = a0, (2) bn G Bn\Bn+1, Bn+1 Ç Bn Ç {aQ : a < p+} for n < u>, (3) \Bn\ = p+, (4) if c, d G Bn+1 then (6"c)2 = (6nd)2 = cn G G2. Now if there are n < m such that C2n = ¿2m, then taking 62", 62n+i> 62m, 62^1+1 we see that
n -°2n+l -°2m -°2m+l-So Lemma 1.2 leads to a contradiction. Thus for every n < m, C2n t'1 ¿2m-From this we get that, for n ^ m, (64n64rn)2 = (64n64m+2)2 holds if and only if n < m. But (64n64m)2 = (64n64m+2)2 is equivalent to 64n64m64m+2 = 64m64m+264", so to £>(64n;64m64m+2). It follows that using <p(x;y) we can define on some infinite subset of G a linear order. From the facts proved in [3] we can easily deduce that ip(x; y) is unstable in G. D
2. An example.
In this section we shall construct an example of a group G of power continuum, without elements of order 2, with only countably many squares. From Theorem 1.3 it follows that such an example is the best possible for a countable G2, i.e. \G\ is maximal possible.
The construction consists of defining a suitable normal subgroup Hq of a free group Go of power continuum. G will be the quotient group Gq/Hq. Let Go be the free group generated by the set of letters {n: n G w2}. We identify finite sequences of elements of w2 (i.e. elements of <w("'2)) with appropriate words-element of GoRecall that fc = {i: i < fc} for fc G w. We define now a subgroup Hq of Go as follows:
(2) Let Hq be the normal subgroup of Go generated by R, and let G = Gq/Hq. For notational simplicity we treat words in Go as names for their images in G under the canonical projection. THEOREM 2.3. \G\ = 2Ho, \G2\ = N0 and in G there are no elements of order 2.
We prove Theorem 2.3 in a series of lemmas. Now when we delete in if" all letters distinct from u, n, we obtain the word u2i4~2l?', and ¿(V) = t,(~v) -2. Hence, iterating this process finitely many times, we get the word a1 if 1 (after possible reductions according to Lemma 2) such that Rng("rf 1) Ç Rng(lf) and w $. Rng(lf 1) or v £ Rng(lfi), so in this case the induction step is done. CASE II. t(~u) is even. If 1? -0, we finish, for then n £ Rng(lf') or v R ng(lf') and Rng(lf') Ç Rng(lf). So assume that ~u ^ 0.
Let us consider now the free group Gi generated by free generators a and 6. Let H\ be the normal subgroup of G\ generated by the set {a2,62}, and let G2 = G1/H1. The elements of G2 can be written down in a very simple form, namely as finite sequences of the form ababab • • • or bababa ■ ■ ■ (the length clearly may be even or odd), and any two such sequences are equal in G2 iff they are equal.
We define some homomorphism /: Go -* G2 (it suffices to define F(p) for every p G -2). Notice that A+ < DedA < (2A)+, cf(DedA) > A.
COROLLARY 2.5. Let No < A < p < DedA. Then there exists a torsion-free group G of cardinality p such that \G2\ = A.
PROOF. Consider the tree -A2. Then we can choose a subtree of -A2 such that it has p branches of length A, and when we generate on the set of these branches a group G (as in Definitions 2.1 and 2.2) then the set G2 has cardinality A. D CONJECTURE. If G is infinite and has no elements of order 2, then \G\ < Ded(|G2|).
Changing somewhat Definition 2.2 one can construct analogously for any fc > 2 a torsion-free group G of power continuum with \Gk\ -Ko-(In the proof of Lemma 4 one should use instead of G2 the group Gk = G\/Hk, where Hk is the normal subgroup of Gi generated by {afc,6fc}.) The counterpart of Corollary 2.5 holds as well.
